The Horndeski theory is known as the most general scalar-tensor theory with second-order field equations. In this paper, we explore the bi-scalar extension of the Horndeski theory. Following Horndeski's approach, we determine all the possible terms appearing in the second-order field equations of the bi-scalar-tensor theory. We compare the field equations with those of the generalized multi-Galileons, and confirm that our theory contains new terms that are not included in the latter theory. We also discuss the construction of the Lagrangian leading to our most general field equations.
Introduction
The inflationary scenario [1] is now regarded as a necessary ingredient of modern cosmology because the recent observations of cosmic microwave background anisotropies [2] [3] [4] [5] strongly suggest the epoch of inflationary expansion in the early Universe. Since inflation is typically driven by scalar field(s), scalartensor theories provide a firm framework to study the dynamics of inflation. On the other hand, the unknown energy called dark energy is shown to be dominant in the present Universe [6] [7] [8] and might be understood as an outcome of infra-red modification of gravity. Scalar-tensor theories provide powerful tools to realize such a modification, and their phenomenological features have been studied intensively to confront them against observations. Although a plethora of inflationary models and modified gravity theories have been proposed thus far, unfortunately, we have not yet succeeded in finding the real theory and have kept seeking for it. We have two options to address this problem. The first one is to pursue the ultimate (real) theory on the basis of theoretical consistencies, which is often called top-down approach. The other is to construct a framework of theories as general as possible, which is called bottom-up approach. Of course, though both of approaches are complementary, one of the merits to take the latter approach is to give a unified understanding of various models proposed individually. Another is that one can easily pin down or constrain models once characteristic observational results would be reported. The Horndeski theory [9] provides a typical working example of the latter approach because it is the most general single scalar-tensor theory with second-order field equations. It is shown [10] that the Horndeski theory is equivalent to the generalized Galileon [11] . In fact, almost all of the inflationary models with single inflaton proposed so far can be described by this theory in a unified manner. Various aspects of single field inflationary models have been studied in this framework [10] , which is useful for us to constrain the models from observational results.
In this paper, we take the latter approach and try to extend the Horndeski theory, which includes only one scalar degree of freedom, to the bi-scalar case. 1 Although no observational results suggest the presence of multiple (light) scalars during inflation, our framework can clarify the essential difference between single and multiple scalar cases, and is useful for further constraining or detecting the presence of multiple scalar degrees of freedom from observations. Such an attempt to extend the Horndeski theory has already been discussed. First of all, multi-field Galileon theory was proposed in the flat spacetime [17] [18] [19] [20] . Later, the covariantization of this multi-field Galileon theory, called generalized multi-Galileon, was considered [21] and conjectured that the theory would correspond to the multi-field extension of the Horndeski theory, that is, the most general multi-field scalar-tensor theory with second order equations of motion. Though the multi-field Galileon theory in the flat spacetime is proven to be the most general multiple-scalar field theory in the flat space-time with second order scalar equations of motion [22] , it was shown that the generalized multi-Galileon is not the most general theory [23] because this theory does not contain the multi-DBI inflation models [24] [25] [26] [27] [28] , in particular the double-dual Riemann term appearing in these models. Motivated by these considerations, in this paper, we try to construct a multi-field extension of the Horndeski theory. Especially we focus on the extension to the bi-scalar case as a first step.
The organization of this paper is as follows. In Sec. 2, we construct the field equations of the most general two-scalar tensor theory with second order field equations following Horndeski's procedure. This section is the main part of this paper. In Sec. 3, we compare our theory with the generalized multi-Galileon theory. We show that terms which are missing in generalized multi-Galileon theory are actually contained in our theory. In Sec. 4, we comment on the construction of the Lagrangian corresponding to the field equations we obtain. Finally we summarize our paper and discuss the results in Sec. 5.
Notations and conventions
Before closing the introduction, we summarize the notations and conventions used throughout this paper. We consider a four-dimensional spacetime with a metric g ab and two scalar fields φ I with I = 1, 2. Following Ref. [9] , derivatives of g ab and φ I with respect to the coordinates x a are denoted as
respectively. We denote the covariant derivative of φ I with respect to g ab and its scalar product respectively as
1 Another direction is to consider a scalar-vector theory instead of a scalar-tensor theory. Motivated by the earlier work of Horndeski [12] , construction of the most general vector theory with second order field equations on flat space, called the vector-Galileon theory, was attempted in Ref. [13] . Recently, the scalar-tensor theory with higher order equations of motion without introducing the ghost was proposed as well [14, 15] . See also [16] for yet another possible way of extending the Horndeski theory.
where X IJ is symmetric in I and J. We use a strike " | " also as a separator in (anti-) and partial derivatives of a function A(φ I , X JK ) are expressed as
In the equations of motion and the Lagrangian, we use the generalized Kronecker delta defined by
Repeated indices are summed over a = 0, 1, 2, 3 and I = 1, 2.
Construction of the most general equations of motion
The first step of the construction of the most general scalar-tensor theory of Ref. [9] is to work out the most general equations of motion that are of second order in derivatives and compatible with the general covariance. In this section, we generalize this construction to the case with two scalar fields.
Assumptions
The assumptions imposed on the theory we are going to construct are summarized as follows.
1. The theory has a Lagrangian scalar density, L.
2. The Lagrangian scalar density, L, is composed of a metric, two scalar fields, and their derivatives up to arbitrary order:
where I = 1, 2.
3. Field equations are composed of the metric, the two scalar fields, and their derivatives up to second order:
Let us consider the variation of the action under an infinitesimal coordinate transformation, x a → x a + ξ a , which is given by
It follows from the assumption of L being a scalar density that Eq. (2.4) vanishes identically, implying that the integrand itself vanishes since ξ a may be chosen arbitrarily. Thus, the identity
holds. In the case of pure Einstein gravity this identity reduces to the well-known contracted Bianchi identity, ∇ a G ab = 0. In this sense, the identity (2.5) may be regarded as a generalization of the Bianchi identity. We are trying to construct the most general bi-scalar-tensor theory with second-order field equations using the identity (2.5). Because both G ab and E I are assumed to be of second order in derivatives, the left-hand side of Eq. (2.5) would yield third derivatives in general while the right-hand side contains at most second derivatives. This indicates that the left-hand side of Eq. (2.5) must be free from third derivatives.
The construction of the most general second-order equations of motion for bi-scalar-tensor theories is divided into two parts: we first determine the most general second-order rank-2 tensor whose divergence remains of second order. After that, we impose the identity (2.5) on the rank-2 tensor to constrain its form.
Second-order rank-2 tensor whose divergence is of second order
In this subsection we construct the most general second-order rank-2 tensor, G ab , whose divergence is also of second order. The conditions that ∇ a G ab has no third derivatives can be expressed as
Using the chain rule, ∇ b G ab is rewritten as For convenience, we now introduce the notion of property S following Ref. [9] . A quantity A a 1 a 2 ...a 2n−1 a 2n is said to have property S if it satisfies the following conditions: (i) it is symmetric in (a 2ℓ−1 , a 2ℓ ) for ℓ = 1, 2, . . . , n; (ii) it is symmetric under the interchange of any two pairs (a 2ℓ−1 , a 2ℓ ) and (a 2m−1 , a 2m ) for ℓ, m = 1, 2, . . . , n; (iii) it vanishes if any three of four indices, (a 2ℓ−1 , a 2ℓ ) and (a 2m−1 , a 2m ) for ℓ, m = 1, 2, . . . , n, are symmetrized. It is shown in Corollary 2.1 of Ref. [9] that A a 1 a 2 ...a 2n−1 a 2n vanishes if A a 1 a 2 ...a 2n−1 a 2n has property S and n > 4 in four-dimensional spacetime.
Let us introduce the quantity B a 1 a 2 ...a 4n+2m+1 a 4n+2m+2 defined by
This is a n-th derivative with respect to g a i a i+1 ,a i+2 a i+3 and m-th derivative with respect to φ I ,a i a i+1 of G ab . Using Eqs. (2.9)-(2.13), one can easily check that B a 1 a 2 ...a 4n+2m+1 a 4n+2m+2 has property S. Then, Corollary 2.1 of Ref. [9] implies that B a 1 a 2 ...a 4n+2m+1 a 4n+2m+2 vanishes for 2n + m ≥ 4, leading to the following three sets of identities: 
where ξ abcdef and ξ ab are functions of g ab , g ab,c , φ I , φ I ,a , and φ I ,ab . Note that we have used the identitỹ
at the second equality of Eq. (2.18), whereξ ab are functions of g ab , g ab,c , φ I , φ I ,a and φ I ,ab . It can be seen that ξ abcdef and ξ ab have property S. Substituting Eq. (2.18) into Eq. (2.16) and integrating it, we obtain 20) where ξ abcdef gh and ξ abcdef gh I are functions of g ab , g ab,c , φ I , and φ I ,a , while ξ ab are functions of g ab , g ab,c , φ I , φ I ,a and φ I ,ab . Here again it can be seen that ξ abcdef gh , ξ abcdef gh I and ξ ab have property S. Repeating the same procedure and integrating Eq. (2.17) give
where all of the above ξ tensors are composed of g ab , g ab,c , φ I , and φ I ,a , and have property S. Although our final goal is to determine the most general equations of motion for the bi-scalar-tensor theory, the equations given up to this point hold irrespective of the number of the scalar fields.
Our remaining task in this subsection is to construct explicitly all the possible ξ tensors that have property S and are composed of g ab , g ab,c , φ I , and φ I ,a . For this purpose, we can use φ I|a , g ab , and the totally antisymmetric tensor ε abcd as building blocks, from which the ξ tensors are built by taking their products and linear combinations appropriately. There is no elegant way, and what we will do is to exhaust all the possible combinations of those building blocks yielding the ξ tensors. Let us begin with the simplest one, ξ ab . It is not difficult to find that the following one is the most general symmetric rank-2 tensor composed of φ I , φ I |a , g ab , and g ab,c :
where a(φ I , X JK ) and b IJ (φ I , X JK ) are arbitrary functions of φ I and X JK , and b IJ has the symmetric property b IJ = b JI . 2 Here, we have used, for the first time in this derivation, the assumption that the number of the scalar fields is two, which greatly simplifies the expression of ξ tensors and the following procedure. Without this restriction we would have for example the term such as
where c IJKL is arbitrary functions of φ I and X IJ , and totally anti-symmetric in I, J and K. In a similar manner, we work out ξ abcd I :
where a I , b IJK , c IJKLM , and d IJKLM are arbitrary functions of φ I and X JK satisfying
The explicit forms of ξ abcdef , ξ abcdef IJ , ξ abcdef gh , and ξ abcdef gh I
for the bi-scalar case are given in Appendix A. Substituting all the ξ tensors into Eq. (2.21) and rearranging the equation, we arrive at the most general second-order rank-2 tensor G ab whose divergence is also of second order, 
2.3 Consequence of Eq. (2.5)
In the previous subsection we have obtained the most general second-order rank-2 tensor whose divergence remains of second order, G ab . As can be seen, G ab involves many arbitrary functions. It turns out, however, that those functions are not completely independent in order for the equations of motion to be compatible with general covariance. In this subsection, we impose the identity (2.5) that arises due to general covariance, i.e., we require that the divergence of G ab is written as a product of φ I|a and some scalar function. This procedure will reduce the number of the arbitrary functions. A straightforward calculation shows that 27) where the coefficients are functions of φ I and X JK and defined as
We present the explicit form of Q I in Appendix B, though it is irrelevant to the following derivations.
In order for the right-hand side of Eq. (2.27) to be proportional to φ I|a , all the terms that are not parallel to φ I|a must vanish identically. We now derive the conditions for this following the procedure of Ref. [9] . Let us first focus on the ǫ IJK and ι IJK terms in Eq. (2.27), which are proportional to φ 
The coefficient of φ A ,mn φ B ,op g qr,st in this quantity can be extracted by taking a derivative with respect to φ A ,mn φ B ,op g qr,st as 3 Thus, we obtain a constraint equation given by
This constraint has eight free indices m, n, o, p, q, r, s, t, and its any component must be fulfilled. We first take the trace of Eq. (2.32) by contracting with g mn g op g qr , giving
33)
3 To obtain this result, we use the fact that derivatives of φ I,ab φ J,cd and R abcd are given by
where
where we have used ι (A|J|B) = 0 which follows from the definition (2.28). This equation must be satisfied for any φ J|a , and therefore it is necessary to impose ǫ (A|J|B) (= ǫ AJB ) = 0. 
Using ǫ (A|J|B) = 0 obtained in the previous step, we find ι AJB = 0 as another constraint to be imposed. Repeating a similar procedure for any other products of the second derivative terms in Eq. (2.27), we find the following constraint equations for the coefficient functions: 
39)
40) 
44)
46)
where W = W(φ I ), and F = F(φ I , X JK ) is a function satisfying F ,IJ = G IJ , which is integrated to give
and Eq. (2.38) implies
53)
Equation (2.52) is nothing but the integrability condition which guarantees F ,IJ,KL = F ,KL,IJ , and hence the integral (2.48) indeed exists.
The most general second-order equation of motion
Now we are at the final stage of deriving the most general second-order field equations of the bi-scalartensor theory. Substituting Eqs. (2.39)-(2.47) into Eq. (2.25), we at last obtain This is the main result of this paper. The most general field equations for the single-scalar case [9] are reproduced as should be if one restricts the number of the scalar fields in Eq. (2.55) to one. Note that one can eliminate W(φ I ) from the above equation by redefining F →F(φ I , X JK ) = F + 2W. We can see that Eqs. (2.50)-(2.54) do not reduce the number of the arbitrary functions because these are the relations between derivatives of the functions. In other words, these do not affect the structure of the field equations (2.55). As we will comment in the final section, these may, however, help us to check the integrability conditions for the field equations.
From the relation (2.5), the scalar-field equations of motion are found to be
(2.56)
Comparison with the generalized multi-Galileon theory
The covariant version of the multi-Galileon theory in the flat spacetime [21] was conjectured to be the most general multi-scalar-tensor theory with second-order field equations. However, later it was pointed out that this theory is not the most general one [23] . A counter-example is given by the multi-field DBI Galileons [25] . In this section, we compare the most general second-order field equations obtained in the previous section with the field equations of the generalized multi-Galileons, and identify the terms that are missing in the latter theory. The action of the generalized multi-Galileons is given by [21] 1 
Comparing Eq. (3.2) with Eq. (2.55), it is easy to see the exact correspondence between each term. It is also found that terms corresponding to E IJKLM are lacking in the generalized multi-Galileon; this is a completely new term. We would, however, emphasize that, even setting E IJKLM = 0, Eq. (2.55) covers a wider class of theories than the generalized multi-Galileons. This fact is to be illustrated in a concrete example presented below. Note in passing that the coefficient functions of the above equation satisfy all the constraints (2.36)-(2.38) found in the previous section. The double-dual Riemann term deduced from the multi-field DBI Galileons,
is not included in the Lagrangian of the generalized multi-Galileon theory [23] . One can however check that this term is actually contained in our theory. It is straightforward to derive the field equations from Eq. (3.3):
This is reproduced by setting J IJ = 2 (δ IJ δ KL − δ IK δ JL ) X KL in our field equations.
Candidate Lagrangian
Having thus determined the most general second-order field equations of the bi-scalar-tensor theory, let us now explore the Lagrangian that gives the field equations we have derived. For the construction of the Lagrangian, we employ the same strategy as taken in Ref. [9] . In the single scalar-field case, Horndeski found that the form of the Lagrangian can be guessed from the trace of the gravitational field equation.
In the same way as in the single-field theory, we take the trace of the field equations of the bi-scalar-tensor theory (2.55) and arrive at the terms of the following form as a candidate Lagrangian:
3)
IJK , M
IJ , M (6) , and M
IJKLM are arbitrary functions of φ I and X IJ satisfying
JILKM . (4.10)
In order to maintain the second-order equations of motion for the scalar fields, we have to impose extra conditions on these functions. For example, the Euler-Lagrange equation of L 1 for the scalar field φ I is given by
(1)
The two terms in the first line of Eq. (4.11) are of third order, while the other terms are of second or first order. To eliminate the third-order derivatives, we therefore impose
Performing the same analysis, we find that higher-derivative terms are removed by requiring that 
14)
15)
P RQSN,OM − 2M
P RN SQ,OM − 2M
17)
IJ,KL X KL , (4.18)
In addition, comparing the φ (I |a φ J) |b and δ ac bd φ I |d |c terms, we see that the following two conditions must be satisfied:
M N KL(I,J) − 2M
,K + 2M
(2)
The Lagrangian is constructed by solving the above equations for M (1) , . . . , M (7) , and unfortunately we have not accomplished this step yet. In Appendix D, we review the construction of the Lagrangian for the single-scalar case. The lesson from the single-field Lagrangian is that we should probably integrate Eq. (4.19) first to identify M (4) compatible with Eq. (4.13). We have not yet succeeded even in solving these equations. In addition, it should be kept in mind that the terms we considered (M (1) , . . . , M (7) ) might not be enough to construct the true Lagrangian. Those terms are simply inferred from the trace of the equations of motion, and in general there is no guarantee that they are enough though they happened to be so in the single scalar-field case. Albeit these difficulties, we believe that above calculations are useful to build the Lagrangian for our theory. We hope to report on this final part of the construction of the most general second-order bi-scalar-tensor theory in the near future.
Discussions and summary
In this paper, we have reported our attempt to construct the bi-scalar generalization of the Horndeski theory in four-dimensional spacetime. Following Horndeski's method, we have succeeded in deriving all the possible terms appearing in the most general second-order field equations for the bi-scalar tensor theory. We compared our field equations with those of the generalized multi-Galileon theory, and identified the terms that are really not included in that theory. In particular, we confirmed that the double-dual Riemann term, which was shown to be missing in that theory [23] , can be reproduced from our results by choosing the arbitrary functions appropriately. We have also discussed the construction of the Lagrangian yielding the field equations we found. For the construction, we have taken Horndeski's approach based on the trace of the field equations as a candidate Lagrangian. From the Euler-Lagrange equations we have obtained several differential equations for the functions in the Lagrangian, though we could not solve them to give explicit forms of the functions. In fact, it is still unclear whether or not the candidates of the Lagrangian we proposed suffice to generate all the terms in our most general field equations.
As discussed e.g. in Ref. [13] , we have to impose the integrability conditions on the field equations in order to ensure the existence of a corresponding Lagrangian. The integrability conditions are summarized as
3) where δ/δA denotes variation with respect to a field A. Surprisingly, Horndeski found the corresponding Lagrangian in a rather heuristic way without using the integrability conditions explicitly. This implies that, in the single scalar case, those conditions are automatically satisfied and do not give rise to any extra constraints on the functions in the field equations. It is unclear that this property persists in theories with multiple scalar fields, and we have not been able to determine the corresponding Lagrangian completely. The integrability conditions might give us some clues to accomplish this procedure. We hope to report the result obtained from such an approach in the near future.
C Euler-Lagrange Equations
The explicit forms of the Euler-Lagrange equations from L 1 -L 7 are given as follows:
,I + 2M 
,IJ φ I |(a φ J |b) , (C.6)
IJKLM + M
IJM LK + M 
KLM IJ + M 
IJKLN,OM + 2M
IJN LK,OM + 2M 
IJKLM,N − 2M where φ is a scalar field and X = − (∂φ) 2 /2. A prime " ′ " and a dot "˙" denote derivatives with respect to φ and X, respectively, and A, D, J, and K are arbitrary functions of φ and X, while F is related to the other functions as
where W is an arbitrary function of φ. As explained in the main text, candidates for the Lagrangian can be guessed from the trace of the field equations as 
